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ABSTRACT In the current work, for the first time, the design equations for an array of rectangular slots
axially placed on a cylindrical waveguide are driven and presented, making it possible to attain asymmetrical
and non-broadside patterns with higher bandwidths. The method of least squares is then used for both the
radiation pattern synthesis with the specified side lobe level and the array input impedance matching. For
optimization, the error function comprised of the three terms of impedance matching, array pattern synthesis,
and slot design equations is constructed. To minimize the error function, the genetic algorithm combined
with the conjugate gradient method is utilized and the geometrical characteristic of the slots defined. This
procedure increases the design speed and provides the means to synthesize any desired pattern for an array
of axial rectangular slots on a cylindrical waveguide. Numerical and fabrication examples are presented as
illustrations of the proposed synthesis method. The results of the proposed method are verified by using the
commercial software High-Frequency Structure Simulator (HFSS) in comparison to measurement results
obtained out of the proposed prototype of a fabricated antenna operating at the frequency of 9 GHz.

INDEX TERMS Slotted cylindrical antenna, axial slot array, design equations, method of least squares
(MLS), genetic algorithms.

I. INTRODUCTION
In the literature, extensive analysis of different antenna
topologies with different shapes and designs is reported.
They all show distinctive and systematic design procedures
that characterize their proposed antennas [1]–[3]. In the
designs, optimization techniques are applied to enhance
the antenna’s parameters and study the effect of different
dimensions and materials on parameters [4]. Deployment,
manufacturing techniques, and production procedures have
all been widely investigated at microwave frequencies for
the different application domains, ranging from medical
wearable applications to radars [5]–[8].

Many different antenna types are used in radio
systems with specialized properties for particular
applications [9]–[10].
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Based on the target application, antenna parameters,
including desired frequency, gain, bandwidth, impedance,
and polarization, and the shape and the configuration of
the antenna should be calculated and designed [11]. Despite
confronting the constraints and many limitations in antenna
design, novel methods have been proposed to improve the
antenna parameters and optimize antenna size [12].

However, the slot array antennas have attracted significant
attention due to their inherent valued characteristics of high
radiation efficiency, high gain, wide bandwidth, and low
losses. Consequently, they may be preferable to reflector and
patch antennas [13]. The design of slot arrays goes back
to 1948 when Stevenson [14] carried out the preliminary
analysis on resonant slot arrays for the first time. This
analysis was initially proposed by Oliner in the study
on non-resonant slots [15]. However, Elliot was the one
who presented the design equations for slot arrays on a
rectangular waveguide [16]. In the study by Oraizi et al. [17],
a design algorithm for an edge slot array is proposed with
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non-uniform spacing on a rectangular waveguide. Slotted
arrays on a cylindrical waveguide were initially studied by
Wait [18]. In [19], Shin and Eom studied the radiation
from multiple circumferentially opened rectangular slots
displaced along the longitudinal direction. Masouleh and
Behbahani in [20] extended Shin’s work by proposing a
similar method but for circumferential slots placed on a
cylindrical waveguide. In this work, the design equations are
proposed for rectangular slots elongated along the axis of the
cylinder forming a linear array with the intent to broaden
bandwidth and hence the realm of practicality.With their high
gain, efficiency, mechanical strength, and absence of spurious
radiation from their feeding system, slot array antennas have
been deployed effectively in numerous applications involving
radar and communication systems and continue tomany other
practical implications [21]–[23]. However, despite all these
research endeavors, slot array antenna, axially placed on a
cylindrical waveguide, is not well-covered in the literature.

In this study, a method is proposed to design narrow axially
rectangular slots on a conducting cylinder. The advantage
of this design compared to the circumferentially disposed
slot arrays [24] is their wider bandwidth [25]. The method
follows the approach introduced by Elliot [26] that devised
a recursive procedure for the design of longitudinal slot
arrays by considering the external mutual coupling. For the
array design and the pattern synthesis, three main variables
are considered: length of slots L, slots’ center-to-center
distance ‘‘d,’’ and their disposed angle ϕ0. To synthesize the
radiation pattern with specified sidelobe level and for the
impedance matching of the array input, the method of least
squares is applied. The minimization of the error function is
performed using a genetic algorithm (GA) and the conjugate
gradient (CG) method. Through this work and for the first
time, an analytical method is proposed for both purposes,
i.e., the design equations and the synthesis of an array
composed of rectangular slots arranged along the central axis
of a cylindrical waveguide. The results are verified using
the HFSS commercial software, and the measurements are
obtained via the proposed prototype built for this purpose.

II. FORMULATION
A. FIRST AND SECOND DESIGN EQUATIONS
An array of narrow rectangular waveguide slots on a
cylindrical waveguide is shown in Fig.1. Each slot is of
length L, while the center-to-center distance between two
consecutive slots is d . Two design equations are derived for
the array based on the physical characteristics L, d , and arch
length (ϕ0). From these two equations, the information of
both the mutual and self-impedance/admittance of the slots
is seen to define the array’s characteristics. For the pattern
synthesis problem, an error function is also developed. The
developed error function comprises three terms: impedance
matching, array pattern synthesis, and slot design equations.
Its minimization is achieved by the combination of the GA
and CG methods.

FIGURE 1. An array of narrow rectangular slots along the axis of the
cylindrical waveguide.

Due to the orientation of the slots, the circular waveguide is
assumed to operate in its dominant mode TE11. Every slot is
excited by a tangential electric field on its aperture as follows:

Eϕ = Etan =
V s
n

wn
cos

(
πz
Ln

)
,

Ln
2
< z <

Ln
2

(1)

With

Es = Eϕ ūϕ EZ = 0 (2)

where Wn and Ln are the width and length of the n ’th slot,
respectively, with V s

n being the maximum voltage distributed
across the n ’th slot.

Following the procedure that is presented in appendix A,
the two design equations are defined as follows:

First Design equation:

Zan
Z0
= Kfn

V s
n

In
(3)

Second Design equation:

Zan
Z0
=
η2

2
Z0 |K |2

f 2n
Zd,an

(4)

where:

fn =
Lncos

(
β11Ln
2

)
cos (ϕ0n)(

π2 − (β11Ln)2
) (5)

and

K = −j

√√√√√ 4πh2J21 (ha)

ωµβ11Z0

[
∫
a
0

(
J21 (hρ)
h2ρ
+ ρJ ′21 (hρ)

)
dρ
] (6)

In these equations, In,V s
n and Zan are the mode current,

the slot’s voltage, and the active impedance of the n’th
slot, respectively. As is the active loaded dipole impedance,
defined as follows:

Zd,an = Znn + Zbn (7)
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where Znn is the axial slot-impedance and Zbn is the mutual
impedance between the two axial slots. The complete
derivations of Znn and Zbn are presented in Appendix B.

It should be noted that based on the two design equations,
the length of the slots and their azimuthal locations can be
determined. These equations work in the microwave range
of frequency, but we need to take the skin effect and the
waveguide power loss consideration into account for the
upper bands.

The next step is to define the error function. This will be
done based on an equivalent circuit model for the proposed
array.

III. THE ERROR FUNCTION
The error function is comprised of the three terms of
impedance matching, slot design equations, and pattern syn-
thesis. For each term, a single error function is constructed.
All of the error functions are summed up at the end into one
to produce the final error function.

A. ACTIVE IMPEDANCE MATCHING ERROR FUNCTION
For the active impedance matching, the method of least
squares is used where both the real and imaginary parts are
minimized.

εMatching = W1

∣∣∣∣Re( YnG0

)
− 1

∣∣∣∣2 +W2

∣∣∣∣Im( YnG0

)∣∣∣∣2 (8)

whereW1 and W2 are weigh functions of error function.
For linear array longitudinal slots in a cylindrical waveg-

uide, the equivalent circuit model with a matched load in its
end is shown in Fig. 2.

FIGURE 2. The equivalent circuit of axial slot array.

In Fig. 2, the equivalent circuit of the linear traveling wave
axial slot array, modeled by a transmission line with a series
impedance, is shown. As seen, Ii is the constant parameter
across the slots, so the slot’s voltage distribution which is
proportional to the cosine form of voltage, just depends on
the length of the slot.

B. SLOT DESIGN EQUATION ERROR FUNCTION
According to the design procedure described in [26],
the normalized admittance of the n’th slot is:

Zn
Z0
=
K1f 2n
Zan
+
(Zn−1/Z0) cosβ11dn−1 + j sinβ11dn−1
cosβ11dn−1 + j (Zn−1/Z0) sinβ11dn−1

(9)

Since the current of two successive elements can be written
as:

In = In−1 cosβ11dn−1 + jIn−1Y0 sinβ11dn−1

= In−1

[
cosβ11dn−1 + j

(
Zn−1
Z0

)
sinβ11dn−1

]
(10)

Considering equations (9) and (10), the following relation-
ship can be established:

cos (β11dn−1)+ j
Zn−1
Z

sin (β11dn−1)

=
V s
n

V s
n−1

.
fn
fn−1

.
Zan−1/Z0
Zan /Z0

(11)

Furthermore, the error function can be written as:

εDesignEqs. = w3

∣∣∣∣∣
N∑
n=2

cosβdn−1 + j
Zn−1
Z0

sinβdn−1

−
V s
n

V s
n−1

.
f (ϕn,Ln)

f (ϕn−1,Ln−1)
.
Zan−1/Z0
Zan−1/Z0

∣∣∣∣∣
2

(12)

C. PATTERN SYNTHESIS ERROR FUNCTION
1) A RELATION FOR THE RADIATION PATTERN OF AXIAL
SLOT ARRAY
The radiation pattern of an array of axial slots on a cylinder
as defined in [6] are replicated here in conformance with the
proposed design approach:

Eθ (r→∞)= jωµ
e−jkr

πr
sin (θ)

∞∑
m=−∞

ejmφ jm+1fm (ω) (13)

Eφ (r→∞)=−jk
e−jkr

πr
sin (θ)

∞∑
m=−∞

ejmφ jm+1gm (ω) (14)

The Fourier transforms fm (ω) and gm (ω) can be obtained
by using equations (1) and (2) and also invoking the
appropriate boundary conditions:

fm (ω) = 0 (15)

gm(ω) =
Ēϕ(m,w)√(

k2 − w2
)
H (2)′
m

(
R
√
k2 − w2

) (16)

Ēϕ(m,w) =
P∑
p=1

N∑
n=1

VpnLpn cos
(
wLpn
2

)
a
(
π2 −

(
wLpn

)2)e−j(mϕpn+wzpn)
(17)

where P denotes the number of columns of the axial slot.
The far-field components consist of Eθ and Ēϕ . Therefore,
the E-plane pattern is considered only with the Eθ field
component.

For the appearance of some null-points in the pattern,
we considered the asymmetrical modified Taylor pattern as
in [16]:

hk =
sin(πu)
πu

∏n̂R−1
n=−(n̂L−1)

(
1− u/ûn

)
∏n̂R−1

n=−(n̂L−1)
(1− u/n)

(18)
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where hk is the asymmetrical modified Taylor pattern, and
also R and L denote the right and left components of the
Taylor pattern, respectively. The unit normal factors for both
the right and left part are as defined below:

ûn= n̂R

A2R +
(
n− 1

2

)2
A2R +

(
n̂− 1

2

)2

1/2

n=1, 2, . . . , n̂R − 1 (19)

and

ûn=−n̂L

A2L +
(
n+ 1

2

)2
A2L +

(
n̂− 1

2

)2

1/2

× n=−
(
n̂L − 1

)
, . . . ,−2,−1 (20)

where R = 10(SLL/20),A = 1
n cosh

−1 (R), and with AL
and AR defining the left and right side lobe level (SLL),
respectively. For AL and AR, we use the left SLL and right
SLL, respectively. The pattern’s main lobe elevation angle
depends only on the spacing of the slots. This condition
happens only when higher-order grating lobes appear in the
pattern. Otherwise, the change of the elevation angle is about
1 to 3 degrees.

Having defined the radiation pattern function using the
method of least squares, the error function can be defined as:

εSynyhesis =

K∑
k=1

wk (|F (θk)− hk|)2 (21)

where

F = 20log
(∣∣∣∣ Eθ

Eθmax

∣∣∣∣) (22)

It is worth mentioning that the error function depends
on the spacing between the slots and the slots’ dimensions.
The error function in total is the combination of the errors
determined through equations (8), (12), and (21) as follows:

εError Function = εMatching + εDesignEquations. + εSynyhesis

(23)

Through the optimization process, the following sections
show how the most desired pattern can be obtained.

IV. SYNTHESIS OF AN AXIAL SLOT ARRAY ON THE
CYLINDRICAL WAVEGUIDE WITH A MODIFIED
TAYLOR PATTERN AT 9 GHz
To determine the error function, both the space between
adjacent slots and the length of the slots are assumed
identical. These assumptions will result in the simplicity
of the calculation process to minimize computational time.
On the other hand, the equality of length of slots makes the
amplitude of voltage distributions in the slots even and equal.

A cylindrical array with twenty-two axial slots consisting
of two rows of 11 elements is designed, as shown in Fig 3.
The length of the slot and the spacing between slots
were optimized, the minimization of the error function is

FIGURE 3. Two-column narrow rectangular slot array on a cylindrical
waveguide.

TABLE 1. Characteristics of structure optimized parameters and desired
pattern antenna, for example.

performed by combining a genetic algorithm (GA) with the
conjugate gradient (CG) method, and the parameters are as
given in Table 1. The spacing between adjacent slots is equal
to 19.88 mm. The width and length of the slots are equal to
3 mm and 10.95 mm, respectively. Hence, optimization of
these parameters aims to yield better impedance matching
and the desired pattern shape.

FIGURE 4. E-plane pattern cut comparison between MLS and HFSS at
9GHz in XZ-plane for ϕ = 0.

For comparative purposes, the pattern of the slot array as
obtained by the method of least squares (MLS) and HFSS
software simulation (at 9 GHz in XZ-plane for ϕ = 0) as
shown in Fig. 4. As shown in Fig. 4, more specifically about
the main beam, theMLS design pattern matches well with the
HFSS simulation pattern, and the sidelobe levels are almost
between the specified design constraints. The inability to
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reach the specified sidelobe levels is mainly due to internal
mutual coupling, which is a factor that was not counted in
the design. The assumption of sinusoidal field distribution
in the slot is another possible source of error. The VSWR
of the array simulated by HFSS at the input terminal of the
cylindrical waveguide is shown in Fig. 5, reflecting that the
high bandwidth of the designed antenna is about 200 MHz.

FIGURE 5. Simulated results of VSWR.

FIGURE 6. Fabrication of the 22-slot antenna (two rows of 11 elements).
All slots are identical, and the distance between two adjacent slots is
d = 19.88 mm.

V. FABRICATION, MEASUREMENT, AND COMPARISON
As shown in Fig. 6, a typical axial slot array antenna
consisting of two rows of 11 slots on a cylindrical waveguide
is fabricated for the test, and measurement results are
provided to clarify the accuracy of the acquired design
equations. The fabricated antenna consists of a coaxially
fed monopole, a slotted cylinder, and an SMA termination.
The antenna has two ports, and a 50-Ohm male pin SMA
as a terminator coax connector plug (TCCP) is used to
absorb the reflected waves on one side, while the other
port is to serve as the excitatory terminal of the antenna.
The coaxially fed monopole, which has a protruding inner
conductor of 6.9882 mm length, excites the TE11 mode into
the slotted circular cylinder. The SMA termination used in the
measurements demonstrates SWR below 1.25 at 9 GHz [28].

Fig. 7 illustrates the simulated and measured return losses
of the fabricated slot array antenna. The measured return loss
is less than−17 dB from 8.9 GHz to 9.1 GHz. The difference
between the simulation and measurement results, as seen

FIGURE 7. Measured and simulated return loss (S11) versus frequency.

TABLE 2. Characteristics of structure optimized parameters and desired
pattern antenna.

in Fig. 7, can be attributed to milling machine fabrication
process tolerance. Our theoretical model could not mimic the
reflection, which is possibly introduced by the coaxially fed
monopole and the SMA termination.

FIGURE 8. Measured and simulated radiation patterns for an axial slot at
operating frequency f = 9 GHz.

The antenna radiation pattern is measured and compared
to the simulation pattern at 9 GHz, as shown in Fig. 8.
The results obtained for the prototyped antenna have good
compliance with the design goal, that SLL is lower than
−15dB in the H-Plane.
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As the graphs in Figures 4, 7, and 8 reveal, there are
strong agreements in the overall behavior of the measured
and simulated outcomes, which verify the accuracy of the
proposed method. The proposed antenna structure, which
is designed based on acquired equations, can be used as
a phased array antenna to scan a range of space. This
feature comes out of the antenna’s high bandwidth, which
by changing the frequency from one to another in a
specific range, the angle of the main lobe gets changed
consequently, and it can sweep a range of space to find
targets. It is worth mentioning that since the amplitude of
the voltage distribution is even across the waveguide, it is
possible to change the beam angle but just by frequency
changing.Moreover, for designing wideband omnidirectional
slotted-waveguide antenna arrays, more columns of slots
can be placed around the waveguide. However, it should be
noticed that because ripples amplitude is proportional to the
number of slots distributed around the circumference of the
waveguide, increasing the number of slots just for the sake of
having an omnidirectional pattern increases the level of ripple
in the omnidirectional radiation pattern (azimuthal plane).

VI. CONCLUSION
The proposed study expanded on the method of least squares
for the synthesis of axial slot array on a cylindrical waveguide
for the dominant mode TE11 and analyzed the radiation
from axial slots on a cylindrical waveguide. Using Elliott’s
method [16] as a baseline, and for the first time, the design
equations were presented and expanded for the traveling
wave mode with the use of equivalent circuits for axial
slot array antenna. Subsequently, the geometrical dimensions
of the slot array on the cylindrical surface were deter-
mined by minimizing the appropriate error functions. This
minimization led to accurate pattern synthesis impedance
matching, formulation of the relevant design equations, and
minimization of power losses. With the proposed antenna
design, the computational requirements were optimized.
The method is also advantageous because it combines the
determination of slots’ parameters and impedance matching
with the array pattern synthesis, leading to a quick designwith
higher accuracy.

Moreover, a design example was presented to demonstrate
the effectiveness of the proposed synthesis method on a
cylindrical slot array. Full-wave simulation software HFSS
was used to verify the proposed design procedure. To verify
the accuracy and the practical feasibility of the simulation,
measurements were taken on a prototype design of an array
of axial slots on a cylindrical waveguide, and good correspon-
dence with the theoretical predictions was achieved.

NOMENCLATURE
L length of slots
d slots’ center-to-center distance
ϕ0 disposed angle
Wn width of the n’th slot

Ln length of n’th slot
V s
n voltage distributed across the

slot
In mode current
V s
n Slot’s voltage
Zan the active impedance of the nth

slot
Znn the axial slot-impedance
Zmm the mutual impedance between

axial slots
Zbn the mutual impedance between

the two axial slots
w1, w2 weigh functions of the error

function
p number of columns
hk asymmetrical modified Taylor

pattern
R right
L left
SLL_R right side lobe level
SLL_L left side lobe level
ω angular frequency
µ magnetic permeability
β phase constant
ρ the radius of the waveguide
h Cut off wave number
αn nth slot’s central angle
Bmn backward-scattered equation
mn propagation mode
Subscript t the tangential field in the

cross-section
Subscript S indicates the cross-section of

the uniform waveguide
Ēs electrical field distributed

across the slot
Cmn forward-scattered equatio
β11 the propagation constant of the

TE11 mode
J Bessel function
J ′1 derivative of first-order

Bessel function
hρ component of the wave vector

in cylindrical waveguide along the radius
Z0 the free impedance of the

environment
In current flowing through the nth

slot
Y 2w
n slot’s self-admittance
Y 2wL
n load’s admittance
uin coefficients of the normalized

self-impedance
pi the real part of normalized

self-impedance
Si the imaginary part of the

normalized self-impedance
Li length of slots
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Z selfn nth slot’s self-impedance
Y12 mutual admittance between

slot 1 and 2
E2 Electrical far-field due to the

excitation voltage V2 at slot 2
H∗1 conjugate radiated magnetic

far-field in the response of voltage V1 of slot 1

APPENDIX A
A. FIRST AND SECOND DESIGN EQUATION DERIVATION
1) CALCULATION OF THE SCATTERING EQUATIONS OF THE
AXIAL SLOT ON THE CYLINDRICAL WAVEGUIDE
The formulation of the design equations used in this paper is
similar to that proposed by Elliot [16] for a broad wall slot
antenna design.

For the dominant mode TE11 the field components are
expressed as:

Hz = J1 (hρ) cos (ϕ) e±jβ11z (A.1)

Hρ = ∓
jβ
h
J ′1 (hρ) cos (ϕ) e

∓jβ11z (A.2)

Hϕ = ±
jβ
h2ρ

J1 (hρ) sin (ϕ) e∓jβ11z (A.3)

Eρ =
ωµ

β
Hϕ, Eϕ = −

ωµ

β
Hρ, Ez = 0 (A.4)

where ω, µ, β, ρ, h are angular frequency, magnetic
permeability, phase constant, the radius of the waveguide, and
cutoff number defined as 1.841

a which ‘‘a’’ is the radius of the
cylinder respectively.

The electric field along the ϕ direction is:

Eϕ =
V s
n

αa
cos

(
πz
Ln

)
−
Ln
2
< z <

Ln
2

−
α

2
< ϕ <

α

2

α→ 0 (A.5)

Es = Eϕuϕ, Ez = 0 (A.6)

where Ln is the length of the n’th slot and V s
n is the maximum

voltage distributed across the n’th slot, α is the radius of the
cylinder, αn is the n’th slot’s central angle (angle difference
between the tip and the end of a typical slot concerning the
center of the axis of the cylinder), ‘‘ αn × a’’ is the width of
the n’th slot which equals to the length of the arc of a slot on
wall of the cylinder.

So the transverse magnetic field at the backward scattering
plane, transverse magnetic field at the scattering plane, and
also transverse electric field at the scattering plane are:

HtB = Hρaρ + Hϕaϕ − Hzaz (A.7)

HtC = Hρaρ + Hϕaϕ + Hzaz (A.8)

Hat = Hρuρ + Hϕuϕ (A.9)

respectively, where the subscript α is shorthand for the double
index ‘‘mn’’.

Following Elliot’s [16, pp89-99], we have:

Bmn =

∫
slot Es × H̄tC · ds

2
∫
S Ēat × H̄at ūzds

(A.10)

where Bmn is the backward-scattered equation, while its
subscript mn corresponds to the propagation mode. The
subscript t indicates the tangential field in the cross-
section, and the subscript S indicates the cross-section of the
uniform waveguide, and the term ‘‘Slot’’ is the slot surface
area, and the Es is the electrical field distributed across
the slot.

B11 = −C11 = −
V sJ1 (ha) h2

ωµβ11

×

Lcos
(
β11L
2

)
cos (ϕ0)(

π2 − (β11L)2
)
∫
a
0

(
J21 (hρ)
h2ρ
+ ρJ ′21 (hρ)

)
dρ

(A.11)

Similarly, for the forward-scattered equation for an axial
slot on the cylindrical waveguide Cmn:

Cmn=

∫
slot Es × H̄tB · ds

2
∫
S Ēat × H̄at ūzds

(A.12)

Cmn=
VJ1(ha)h2

ωµβ

Lcos
(
βL
2l

)
cos (ϕ0)(

π2−(βL)2
) ∫ a

0

(
J21 (hρ)
h2ρ
+ ρJ ′21 (hρ)

)
dρ

(A.13)

So for TE11:

B11 = −C11 = −
V sJ1 (ha) h2

ωµβ11

×

L cos
(
β11L
2

)
cos (ϕ0)(

π2 − (β11L)2
)
∫
a
0

(
J21 (hρ)
h2ρ
+ ρJ ′21 (hρ)

)
dρ

(A.14)

where B11 is the propagation constant of TE11, J is Bessel
function, J ′11 is derivative of first-order Bessel function, and
hρ is a wave vector component in cylindrical waveguide
along the radius.

The relation (A.14) can be presented as Fig. 9.

FIGURE 9. The direction of scattering parameters due to the slot’s
position.
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As seen from C11, equation (A.14), forward and backward
traveling wave Equations are equal but different in phase;
consequently, the transmission line equivalent circuit consists
of only series impedance, as shown in Fig. 10.

FIGURE 10. The transmission line of the nth element.

B. EXTRACTING THE FIRST DESIGN EQUATION FOR AN
AXIAL SLOT ON A CYLINDRICAL WAVEGUIDE
SLOT IN THE TE11 MODE
To acquire the first equation, it is necessary to write the power
equation for the slot. The reflection power from a slot for the
TE11 is:

Pref =
1
2
Re
∫
S

(
Ēt × H̄∗t

)
· ds

=
1
2
Re
∫
S1

(
B11Ē11,t × B∗11H̄

∗

11,t
)
.azds

=
1
2
Re
[∫

S1

ωµ

β11

(∣∣Hϕ∣∣2 + ∣∣Hρ∣∣2) az · azds]B11B∗11
=
ωµβ11π

2h2

[∫ a

0

(
J21 (hρ)

h2ρ
+ ρJ ′21 (hρ)

)
dρ

]
B11B∗11

(A.15)

where

Et =

{
B11Eat z < z1
C11Eat z > z2

(A.16)

The equation of the equivalent transmission line is:{
V (z) = (A+ C) e−jβz

I (z) = G0 (A+ C) e−jβz
z > 0 (A.17)

From Fig. 9 and using equation (A.17), we have:

B = −C =
1
2
ZaIn (A.18)

The equivalent power in the transmission line model is
equal to:

Pref ,TL =
1
2
V− (z) I−∗ (z) = −

1
2
BB∗

Z0
(A.19)

using (A.15) and (A.19):

j
1
√
2
|B|
√
Z0
=

√√√√ωµβπ

2h2

[
a
∫
0

(
J21 (hρ)

h2ρ
+ ρJ

′2
1 (hρ)

)
dρ

]
∗ |B11| (A.20)

Substituting the amplitude of equation (A.18) i.e., |B| and
equation (A.14) i.e., |B11| we get:

j
1
√
2

1
2 InZ

a
n

√
Z0
=

√√√√ωµβπ

2h2

[
a
∫
0

(
J21 (hρ)

h2ρ
+ ρJ ′21 (hρ)

)
dρ

]

×
V s
nJ1 (ha) h

2

ωµβ
× N (A.21)

Which

N =
Lcos

(
βL
2l

)
cos (ϕ0)(

π2 − (βL)2
)
∫
a
0

(
J21 (hρ)
h2ρ
+ ρJ ′21 (hρ)

)
dρ

Sorting Equation in terms of Z
a
n
Z0
:

Zan
Z0
= −j

√√√√√ 4πh2J21 (ha)

ωµβZ0

[
∫
a
0

(
J21 (hρ)
h2ρ
+ ρJ ′21 (hρ)

)
dρ
]

×

Lcos
(
βL
2l

)
cos (ϕ0)(

π2 − (βL)2
) V s

n

In
(A.22)

The first design equation is derived:

Zan
Z0
= Kfn

V s
n

In
(A.23)

where:

fn =
Ln cos

(
β11Ln
2

)
cos (ϕ0n)(

π2 − (β11Ln)2
) (A.24)

and

K=−j

√√√√√ 4πh2J21 (ha)

ωµβ11Z0

[
∫
a
0

(
J21 (hρ)
h2ρ
+ ρJ

′2
1 (hρ)

)
dρ
] (A.25)

where Zan is the active impedance of the n’th slot, Z0 is the
free impedance of the environment, In is the current flowing
through the n’th slot, and fn is a factor that includes the slot
array’s parameters.

C. EXTRACTING THE SECOND DESIGN EQUATION OF THE
CYLINDRICAL WAVEGUIDE SLOT FOR THE TE11 MODE
The design steps for the second design equation are similar
to that of the first. Using Babinet’s principle [16], the dual
waveguide axial slot array can be considered an equivalent
model of an array of the dipole antenna, arranged in a perfect,
infinite conductive ground plane. Besides, another critical
assumption is made. It is assumed that any slot is fed in
the center via the dual-wire network. If the distribution of
the voltage and current for the slot and equivalent dipole
are equal, then the half-plane radiation of the slot and its
equivalent dipole will be the same. An impedance/admittance
circuit with a dual-wire power feeding system must be
added to the slot and its dual to equalize their impedance
characteristics.
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The additional load can model higher-order scattering
modes. In this case, the slot’s equivalent circuit of the
dual-wire feeding system is as follows:

I2wn =
N∑
m=1

V s
mY

2w
nm (A.26)

Y 2w
nn = Y 2w

n + Y
2wL
n (A.27)

where Y 2w
n is a slot’s self-admittance, and Y 2wL

n is the load’s
admittance which considered for the slot,

The above expressions hold for the equivalent dipole,
as well, so:

V d
n =

N∑
m=1

IdmZ
d
nm (A.28)

Zdnn = Zdn + Z
d,L
n (A.29)

Znn is the axial slot self-impedance and Znm is the mutual
impedance between axial slots on the guided cylinder, which

equals

N∑
m=1
m6=n

V sm
V sn
Zdnm

.

Y 2w
n =

(
2
η2

)
Zdn , Y 2w

nm =

(
2
η2

)
Zdnm (A.30)

By substituting (A.33) into (A.34), we have:

Zdan =
V d
n

Idn
=

N∑
m=1

Idm
Idn
Zdnm = Zdn + Z

dL
n +

N∑
m=1
n6=m

Idm
Idn
Zdnm

(A.31)

On the other hand:

Y 2wa
n =

I2wn
V s
n
=

N∑
m=1

V s
m

V s
n
Y 2w
nm = Y 2w

n + Y
2wL
n

+

N∑
m=1
n6=m

V s
m

V s
n
Y 2w
nm (A.32)

Y 2wL
n =

(
2
η2

)
ZdLn (A.33)

1
2
InI∗n Z

a∗
n =

(
1
2
V s
n I

2w∗
n

)∗
=

1
2
V d
n I

d∗
n (A.34)

(
V s
n I

2w∗
n

)∗
= V s∗

n I
2w
n = V s∗

n

N∑
m=1

V s
mY

2w
nm

= V s∗
n V

s
n

N∑
m=1

V s
m

V s
n

(
2
η2

)
Zdnm

=

(
2
η2

)
Zd, an V s∗

n V
s
n (A.35)

From equations (A.34) and (A.35), we have:

InI∗n Z
a∗
n Zan =

(
2
η2

)
Zdan V s∗

n V
s
nZ

a
n (A.36)

In the above equation, In, V s
n and Z

a
n are the mode current,

the slot voltage, and the active impedance of the n’th slot,
respectively, and Zdan is the active loaded dipole impedance
equals Zd,an = Znn + Zbn .

Considering Booker’s equation Zdnm =
(
η2

2

)
Y snm and also

using equations (A.11), (A.20), and (A.36) the second design
equation is derived:

Zan
Z0
=
η2

2
Z0 |K |2

f 2n
Zd,an

(A.37)

where K and fn are equal to (A.24) and (A.25), respectively.

FIGURE 11. The structure of a single axial slot on the circular cylindrical
waveguide.

APPENDIX B
A. COMPUTATION OF THE SELF IMPEDANCE AND
MUTUAL ADMITTANCE BETWEEN THE TWO AXIAL
SLOTS ON THE CYLINDRICAL WAVEGUIDE
Consider an axial slot on a circular cylindrical waveguide
shorted at the end, as shown in Fig.11 The radius value is
proportional to the different cutoff frequencies. To obtain the
desired value for inner and outer radius, we need to calculate
them by considering cutoff frequencies. For the proposed slot
antenna, the same design considerations have to be done.
The inner and outer radii of the conducting cylinder are
11.26mm and 14.06 mm, respectively. The value of the outer
radius of the cylinder is obtained by adding T equals 2.8 mm
(which could also be enough for the mechanical strength of
the aluminum cylinder) to the internal radius value of the
cylinder.

The self-admittance of the rectangular slot (having a width
of 3.5 mm) is obtained by using HFSS software for an angular
step of. 3 degrees. Table 3 & 4 show the results, while
Figure 12 depicted real and imaginary parts of normalized
self-admittance.

Where uin is the coefficients of the normalized self-
impedance, pi is the real part of normalized self-impedance,
and Si is the imaginary part of the normalized self-impedance.
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TABLE 3. Coefficients of the real component of normalized self-
impedance.

TABLE 4. Coefficients of the imaginary components of normalized
self-impedance.

The acquired data from Fig.14 can be curve-fitted into two
polynomials of orders 8 and 10 as follows:

Imaginary
(
Z
Z0

)
=

8∑
i=0

si ∗ L i (B.1)

where si =
5∑

k=0
vik ∗ θk

Real
(
Z
Z0

)
=

10∑
i=0

pi ∗ L i (B.2)

where pi =
∑5

k=0 uik ∗ θ
k.

Terms Si, Pi, and L i are coefficients of the imaginary
components of the normalized self-impedance, coefficients
of the imaginary components of the normalized self-
impedance, and length of slots, respectively.

Then for the n’th slot self-admittance, we have:

Z selfn

Z0
= Real

(
Z selfn

Z0

)
+ j Imaginary

(
Z selfn

Z0

)
(B.3)

where Z selfn is the n’th slot’s self-impedance and Z0 is the
characteristic impedance of the cylindrical waveguide

FIGURE 12. The graph of normalized real (a) and imaginary part
impedance (b).

B. COMPUTATION OF MUTUAL ADMITTANCE BETWEEN
THE TWO AXIAL SLOTS ON THE CYLINDRICAL WAVEGUIDE
The computation of the mutual admittance between two
axial slots on a cylinder by the extended Poynting’s vector
was described in [27]. This method is applied here to
obtain the mutual admittance between two axial apertures,
called 1 and 2.

The integral variables are at spherical coordinates so,
the general relationship used here is:

Y12 =
1

V2V ∗1
∫
c

2π
∫
0
E2 × H∗1 .n̂r

2 sin θdθdϕ (B.4)

where Y12 is the mutual admittance between slot 1 and 2, E2
is the Electrical far-field due to the excitation voltage V2 at
slot 2, and H∗1 is the conjugate radiated magnetic far-field in
the response of voltage V1 of slot 1.

Following far-field relations we have:

E2 = E2θ âθ + E2ϕ âϕ (B.5)
H1 = H1θ âθ + H1ϕ âϕ (B.6)

Hϕ =
Eθ
η
, Hθ = −

Eϕ
η

(B.7)

E2 ×H∗1 =
(
E2θ âθ + E2ϕ âϕ

)
×
(
H1θ âθ + H1ϕ âϕ

)
=
(
E2θH1ϕ

∗
− E2ϕH1θ

∗
)
âr

=

(
E2θ

E1θ ∗

η
+ E2ϕ

E1ϕ
η

∗
)
âr (B.8)
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FIGURE 13. The path of integrating.

Considering the Fig.13, the path of integrating c is as
follows:

We assume that, in cylindrical coordinates, the positions of
slots 1 and 2 are: (a · ϕ2 · z2) , (a · ϕ1 · z1) so the electric and
magnetic far-fields regarding the above coordinates will be:

E1ϕ = −
V1e−jkr1

πar1L1

cos
(
kL1
2 cos (θ)

)
[
k2cos2 (θ)−

(
π
L1

)2]
×

∞∑
n=−∞

jnejn(ϕ−ϕ1)

H(2)′n (kasin (θ))
sinc

(nϕ0
π

)
Here r1 is equal to

r1 ≈ r − z1kcos (θ) (B.9)

and Eθ = 0
For E2ϕ

E2ϕ = −
V2e−jkr2

πar2L2

cos
(
kL2
2 cos (θ)

)
[
k2cos2 (θ)−

(
π
L2

)2]
×

∞∑
m=−∞

jmejm(ϕ−ϕ2)

H(2)′n (kasin (θ))
sinc

(mϕ0
π

)
Here r2 is equal to

r2 ≈ r − z2kcos (θ) (B.10)

for E2 × H∗1 we have:

E2 ×H∗1 =
(
E2ϕ

E1ϕ
η

∗
)
âr

To determine the term E2ϕ
E1ϕ∗

η
we need to find E∗1ϕ so:

E∗1ϕ = −
V ∗1 e

jk1

πar1L1

cos
(
kL1
2 cos(θ )

)
[
k2cos2(θ )−

(
π
L1

)2]
×

∞∑
n=−∞

(−j)ne−jn(ϕ−ϕ1)(
H (2)·
n (kasin(θ))

)∗ sinc (nϕ0π )
(B.11)

E2ϕ = −
V2e−jkr2

πar2L2

cos
(
kL2
2 cos(θ )

)
[
k2cos2(θ )−

(
π
L2

)2]
×

∞∑
m=−∞

jmejm(ϕ−ϕ2)

H (2)
n (kasin(θ))

sinc
(mϕ0
π

)
(B.12)

E2ϕ
E∗1ϕ
η
=

V ∗1 V2e
−jk(r2−r1)

ηπ2r1r2a2L2L1

cos
(
kL1
2 cos(θ )

)
[
k2cos2(θ )−

(
π
L1

)2]

×

cos
(
kL2
2 cos(θ)

)
[
k2cos2(θ )−

(
π
L2

)2] · A′

A′ =
∞∑

m=−∞

∞∑
n=−∞

jm−nejm(ϕ−ϕ2)e−jn(ϕ−ϕ1)

H (2)′
m (kasin(θ ))H (2)′∗

n (kasin(θ))

× sinc
(nϕ0
π

)
sinc

(mϕ0
π

)
(B.13)

To obtain Y12 we have:

Y12 =
1

V2V ∗1
∫
c

2π
∫
0
E2 ×H∗1.n̂r

2 sin θdθdϕ

=
1

V2V ∗1
∫
c

2π
∫
0

(
E2ϕ

E1ϕ
η

∗
)
âr .ârr2 sin θdθdϕ

=
1

V2V ∗1
∫
c

2π
∫
0

V ∗1 V2e
−jk(r2−r1)

ηπ2r1r2a2L2L1

cos
(
kL1
2 cos (θ)

)
[
k2cos2 (θ)−

(
π
L1

)2]

×

cos
(
kL2
2 cos (θ)

)
[
k2cos2 (θ)−

(
π
L2

)2] × B′

B′ =
∞∑

m=−∞

∞∑
n=−∞

jm−nejm(ϕ−ϕ2)e−jn(ϕ−ϕ1)

H (2)′
m (kasin (θ))H (2)′∗

n (kasin (θ))
B′′

B′′ = sinc
(nϕ0
π

)
sinc

(mϕ0
π

)
r2 sin θdθdϕ (B.14)

Given the odd symmetry of the integration path and also
the odd symmetry of the function relative to θ , we consider
the path of integration as Fig.14.

FIGURE 14. Path of integration.

So we have:

Y12 =
1

V2V ∗1
∫
c

2π
∫
0

(
E2θ

E1θ
η

∗
)
r2 sin θdθdϕ
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Which C is = 2
ηπ2r1r2a2L2L1

∫c ∫
2π
0

e−jk(r2−r1)cos
(
kL1
2 cos(θ)

)
[
k2cos2(θ)−

(
π
L1

)2]
cos
(
kL2
2 cos(θ)

)
[
k2cos2(θ)−

(
π
L2

)2]C′.
And C′ is

sinc
(nϕ0
π

)
sinc

(mϕ0
π

)
r2 sin θdθdϕ (B.15)

By replacing r1 and r2 and considering the even symmetry
concerning the variable ϕ, the integral is simplified as
follows:

Y12 =
2

ηπ2a2L2L1
∫
c

2π
∫
0
D (B.16)

D is

e−jkcos(θ)(z1−z2)cos
(
kL1
2 cos (θ)

)
[
k2cos2 (θ)−

(
π
L1

)2] cos
(
kL2
2 cos (θ)

)
[
k2cos2 (θ)−

(
π
L2

)2] .D′
D′ is:
∞∑

m=0

∞∑
n=0

εmεnjm−ncos (m (ϕ − ϕ2)) cos (n (ϕ − ϕ1))

H(2)′m (kasin (θ))H(2)′∗n (kasin (θ))
D′′

And D′′ is sinc
( nϕ0
π

)
sinc

(mϕ0
π

)
sin θdθdϕ (B.16)

So here:

εm =

{
1 m = 0
2 m 6= 0

We know cos(m(ϕ − ϕ2))cos(n(ϕ − ϕ1)) are orthogonal
functions, and the outcome is non-zero if m = n. By calcu-
lating the integral concerning the variable ϕ, the simplified
expression is:

Y12 =
4

ηπa2L2L1
∫
c
E

E =
e−jkcos(θ)(z1−z2)cos

(
kL1
2 cos (θ)

)
[
k2cos2 (θ)−

(
π
L1

)2]

×

cos
(
kL2
2 cos (θ)

)
[
k2cos2 (θ)−

(
π
L2

)2] sin θ.E ′

E ′ =
∞∑
n=0

εncos (n (ϕ1 − ϕ2))∣∣∣H(2)′n (kasin (θ))
∣∣∣2 sinc2

(nϕ0
π

)
dθ (B.17)

To calculate the integral, we divide it into two real
and imaginary parts, and then we will take a step to
calculate it.

For the real part:

kz = kcos (θ) .dkz = −k sin θdθθ =
[
0
π

2

]
→ kz = [k0]

Let us take the imaginary part of the path. First,
we reconstruct the path. That is, we have a new path:

kz= kcos (θ) = kcos (Re (θ)+ jIm (θ))

= k [cos (Re (θ)) cosh (Im (θ))−jsin (Re (θ)) sinh (Im (θ))]

Nowwe consider that, kz = −jkz ·kz =
[
0 ∞

]
so we have:

Y12 = G12 + jB12 (B.18)

G12 =
4

ηπa2L2L1

k
∫
0

cos
(
kzL1
2

)
[
k2z −

(
π
L1

)2] cos
(
kzL2
2

)
[
k2z −

(
π
L2

)2]F ′

F ′ = cos (kz (z1 − z2))
∞∑
n=0

εncos (n (ϕ1 − ϕ2))∣∣∣H (2)′
n

(
a
√
k2 − k2z

)∣∣∣2
× sinc2

(nϕ0
π

)
dkz (B.19)

B12 =
4

ηπa2L2L1

∞

∫
0

cosh
(
k ′zL1
2

)
[
k ′2z +

(
π
L1

)2] cosh
(
k ′zL2
2

)
[
k ′2z +

(
π
L2

)2]L ′
(B.20)

where L ′ in (B.20) is:

L ′ = e−jk
′
z(z1−z2)

∞∑
n=1

εncos (n (ϕ1 − ϕ2))∣∣∣H (2)′
n

(
a
√
k2 + k ′2z

)∣∣∣2
× sinc2

(nϕ0
π

)
dk ′z − Q

′ (B.21)

Moreover, Q′ in (B.21) is:

Q′ =

 4
ηπa2L2L1

k
∫
0

cos
(
kzL1
2

)
[
k2z −

(
π
L1

)2] cos
(
kzL2
2

)
[
k2z −

(
π
L2

)2]
R′
(B.22)

Which R′ in (B.22) is:

R′ = sin (kz (z1 − z2))
∞∑
n=0

εncos (n (ϕ1 − ϕ2))∣∣∣H (2)′
n

(
a
√
k2 − k2z

)∣∣∣2
× sinc2

(nϕ0
π

)
dkz (B.23)
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